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Abstract
Binaries within the sphere of influence of a massive black hole (MBH) in galactic nuclei are susceptible to
the Lidov-Kozai (LK) mechanism, which can drive orbits to high eccentricities and trigger strong interactions
within the binary such as the emission of gravitational waves (GWs), and mergers of compact objects. These
events are potential sources for GW detectors such as Advanced LIGO and VIRGO. The LK mechanism is
only effective if the binary is highly inclined with respect to its orbit around the MBH (within a few degrees of
90◦), implying low rates. However, close to an MBH, torques from the stellar cluster give rise to the process of
vector resonant relaxation (VRR). VRR can bring a low-inclination binary into an ‘active’ LK regime in which
high eccentricities and strong interactions are triggered in the binary. Here, we study the coupled LK-VRR
dynamics, with implications for LIGO and VIRGO GW sources. We carry out Monte Carlo simulations and
find that the merger fraction enhancement due to LK-VRR dynamics is up to a factor of ∼ 10 for the lower
end of assumed MBH masses (M• = 104M⊙), and decreases sharply with increasing M•. We find that, even
in our most optimistic scenario, the baseline BH-BH merger rate is small, and the enhancement by LK-VRR
coupling is not large enough to increase the rate to well above the LIGO/VIRGO lower limit, 12Gpc−3 yr−1.
For the Galactic Center, the LK-VRR-enhanced rate is ∼ 100 times lower than the LIGO/VIRGO limit, and for
M• = 104M⊙, the rate barely reaches 12Gpc−3 yr−1.
Keywords: gravitation – black hole physics – Galaxy: center
1. INTRODUCTION
The recent direct detections of gravitational waves from
merging black holes (BHs) and neutron stars (NSs) (Abbott
et al. 2016a,b, 2017a,b,c,d) have ushered in the era of grav-
itational wave (GW) astronomy. One of the key astrophys-
ical questions motivated by these observations relates to the
formation of BH and NS binaries: the progenitor stars were
much larger, so how could they evolve to become compact ob-
jects and be driven close enough to each other to coalesce? A
number of formation channels have been proposed and inves-
tigated, including isolated binary evolution, or other processes
in non-isolated binary systems. In the former case, a high-
mass stellar binary is driven by common-envelope evolution
or non-conservative mass transfer to a short period, i.e., suffi-
ciently short for the binary to merge within a Hubble time due
to energy loss by GW radiation (e.g., Tutukov & Yungelson
1973, 1993; Voss & Tauris 2003; Kalogera et al. 2007; Do-
minik et al. 2012, 2013; Belczynski et al. 2014, 2016, 2017).
Alternatively, rapidly rotating stars in tight binaries can be
chemically mixed, preventing their merger early in the evolu-
tion, and resulting in BH mergers (Mandel & de Mink 2016;
Marchant et al. 2016; de Mink & Mandel 2016).
In most ‘isolated’ binary channels, the orbit at the time of
merging is expected to be circular. However, channels in-
volving dynamical environments have been proposed, some
of which predict the BH binary in the LIGO band to have
a residual and non-negligible eccentricity when reaching the
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LIGO band, thereby distinguishing themselves from other
formation scenarios. With current techniques based on cir-
cular GW strain templates, the maximum eccentricity for a
source in the LIGO band to be detectable is ≈ 0.1 (Brown &
Zimmerman 2010; East et al. 2013; Huerta & Brown 2013;
Lower et al. 2018). Dynamical formation channels include
isolated triple systems (Silsbee & Tremaine 2017; Antonini
et al. 2017b; Liu & Lai 2017, 2018), mergers arising from
interactions in dense clusters (e.g., Sigurdsson & Hernquist
1993; Portegies Zwart &McMillan 2000; O’Leary et al. 2006;
Ziosi et al. 2014; Rodriguez et al. 2015, 2016; Kimpson et al.
2016; Mapelli 2016; Samsing & Ramirez-Ruiz 2017; Sam-
sing et al. 2017a,b; Samsing 2018; Rodriguez et al. 2018),
and binaries in stellar systems dominated by a central mas-
sive BH (MBH; Antonini & Perets 2012; Antonini et al. 2014;
Prodan et al. 2015; Stephan et al. 2016; Antonini & Rasio
2016; Petrovich & Antonini 2017; Arca-Sedda & Capuzzo-
Dolcetta 2017; Arca-Sedda & Gualandris 2018; Hoang et al.
2018; Randall & Xianyu 2018b,a; Gonda´n et al. 2018). The
eccentricity in the LIGO band predicted by these channels
ranges widely, between typically ∼ 10−6 for cluster models
(e.g., Rodriguez et al. 2016), ∼ 10−3 for triple star models
(e.g., Antonini et al. 2017b), and ∼ 0.1 for galactic nuclei
(e.g., Gonda´n et al. 2018). Note that some of these models
also predict very high eccentricities, i.e., much higher than
0.1 (e.g., due to binary-single interactions in globular clusters,
Samsing 2018; Rodriguez et al. 2018) , which would likely be
missed by current detectors.
In the case of binaries dominated by a central massive BH,
the torque of the MBH can accelerate the merging process
through Lidov-Kozai oscillations (Lidov 1962; Kozai 1962;
see Naoz 2016 for a review). The LK dynamics of binaries
2around MBHs are complicated by the existence of a large
range of physical processes taking place at comparable time-
scales such as mass precession, relativistic precession, and
processes related to stellar relaxation. These processes de-
pend on the binary separation, the distance of the binary to
the MBH, the MBH mass, and the properties of the stellar
cluster around the MBH (see, e.g., Antonini & Perets 2012
for an overview).
In most previous studies, the binary+MBH system was
treated as an isolated three-body system, and other processes
related to relaxation with other stars in the cluster around the
MBH were not taken into account directly. Recently, Van-
Landingham et al. (2016) and Petrovich & Antonini (2017)
took the first next step by self-consistently treating effects
associated with stellar relaxation on the evolution of the bi-
nary+MBH system.
In particular, Petrovich & Antonini (2017) showed that, if
the stellar cluster around the MBH is nonspherical, then the
associated torques on the binary system around the MBH can
give rise to chaotic secular dynamics, resulting in enhanced
eccentricity excitation in the binary and increased rates of BH
mergers, assuming that the stellar cluster is sufficiently non-
spherical. These dynamics are analogous to secular chaotic
dynamics in hierarchical quadruple systems, i.e., with an ad-
ditional fourth body instead of a nonspherical background po-
tential (Hamers & Lai 2017; Grishin et al. 2018).
In this paper, we focus on a physical process that applies
even in the absence of significant nonsphericity of the stellar
cluster around the MBH. Close to an MBH (within its sphere
of influence), the motion is nearly Keplerian, and encounters
between stars are therefore correlated. These correlated en-
counters give rise to torques that can change both the direc-
tion and magnitude of the angular momentum of the orbit of
the binary around the MBH (i.e., the ‘outer orbit’), in a pro-
cess called resonant relaxation (RR; Rauch & Tremaine 1996;
Hopman & Alexander 2006; Eilon et al. 2009; Perets et al.
2009; Merritt et al. 2011; Kocsis & Tremaine 2011; Antonini
& Merritt 2013; Bar-Or & Alexander 2014; Hamers et al.
2014; Kocsis & Tremaine 2015; Sridhar & Touma 2016a,b;
Bar-Or & Alexander 2016; Fouvry et al. 2017; Bar-Or & Fou-
vry 2018). The effect of RR on the magnitude of the angular
momentum vector is known as scalar RR (SRR), whereas the
change of the direction of the angular momentum vector is
associated with vector RR (VRR). Both SRR and VRR can
be important for the secular binary+MBH evolution. First, a
change of the direction of the outer orbital angular momen-
tum vector can induce a mutual inclination between the inner
and outer orbits, even if they were initially (close to) coplanar.
Subsequently, a mutual inclination can drive high-eccentricity
LK oscillations in the inner binary. Second, the torque of the
outer binary on the inner binary increases with the outer orbit
eccentricity eout, increasing the efficiency (i.e., decreasing the
time-scale, see equation 11, and increasing the strength, see
equation 13) of the LK mechanism.
The effects of RR on the binary+MBH system were inves-
tigated recently by VanLandingham et al. (2016) using a hy-
brid N-body technique, in which a small stellar cluster (307 to
4400 stars) around a massive object (103 to 104 M⊙) was in-
tegrated, and its output was used to perturb the binary+MBH
system in separate 3-body integrations. Although innovative
with this technique and the first to incorporate RR with the
binary+MBH evolution, the simulations of VanLandingham
et al. (2016) were limited in terms of low particle numbers and
low central MBH masses due to computational limitations.
Also, because direct N-body techniques were used, not much
insight could be gained into the fundamental dynamics. Here,
we adopt a less computationally expensive approach in which
the binary+MBH system is integratedwith a secular code, and
the effects of VRR are incorporated by adopting a simplified
model. This approach allows us to more efficiently disentan-
gle the different physical processes; in particular, it allows us
to investigate the importance of details of VRR-related dy-
namics and the impact on the long-term secular evolution of
the binary+MBH system. Furthermore, our approach is not
limited in terms of MBH mass, and its speed allows for the
calculation of a large number of systems to explore larger re-
gions of the parameter space. We note that our focus is on
VRR; SRR, although potentially important for the long-term
LK evolution of binaries around an MBH, is beyond the scope
of this paper.
The plan of the paper is as follows. In Section 2, we give
an overview of the time-scales of interest for binaries around
MBHs, and identify potential regions of interest for enhanced
rates of BH and NS mergers induced by LK-VRR coupling.
We describe a model to take into account the effect of VRR on
the outer orbit in Section 3. In Section 4, we explore howVRR
can affect the LK dynamics of binaries around MBHs. We
carry out detailed Monte Carlo calculations including other
effects such as post-Newtonian (PN) corrections and binary
evaporation, and evaluate the enhancement of merger rates
due to LK-VRR coupling in Section 5. We discuss our results
in Section 6, and conclude in Section 7.
2. TIME-SCALES
Galactic nuclei with a central MBH are complex dynamical
environments, and various physical processes are relevant to
the evolution of binaries within these systems. First, we give
a brief overview of the important time-scales (similar time-
scale calculations can be found in, e.g., Section 3 of Antonini
& Perets 2012; for a general overview of galactic nuclei dy-
namics, we refer to Merritt 2013). We then compare the vari-
ous time-scales for different cluster and binary properties, and
explore the regimes in parameter space in which LK-VRR
coupling could potentially be important for enhancing binary
merger rates (a more detailed investigation is carried out in
Sections 4 and 5).
An overview of the notation used in this paper is given in
Table 1. Throughout, we assume, for simplicity, a spheri-
cally symmetric cluster around the MBH with a typical stellar
mass m⋆ ≡ 〈m2〉1/2 (i.e., m⋆ is the square root of the aver-
age of the squared stellar mass in the cluster), and a sim-
ple lower-law density distribution, i.e., ρ⋆(r) ∝ r−γ. For a
Salpeter mass function, dN/dm ∝ m−2.35, (Salpeter 1955),
and assuming lower and upper mass limits of 0.08 and 80
M⊙, respectively, 〈m2〉1/2 ≈ 1.1M⊙. For a top-heavy mass
function, dN/dm ∝ m−1.7, and with the same mass ranges,
〈m2〉1/2 ≈ 5.3M⊙. For simplicity, we consider only the case
of a Salpeter mass function for the stellar cluster in our simu-
lations, and set m⋆ = 1M⊙.
2.1. Mass precession
Distributed mass enclosed within an orbit around the MBH
causes the orbit to precess in its plane, a process known as
mass precession. The time-scale to precess by π is given ap-
proximately by (e.g., Merritt 2013, S4.4.1)
tMP ≈ 1
2
(
1 − e2
)−1/2 M•
M⋆(a)
P. (1)
3Symbol Description
G Gravitational constant.
c Speed of light.
Stellar cluster
r Distance from the MBH.
M• Mass of the MBH.
m⋆ Average background stellar mass.
a Semimajor axis of an orbit around the MBH.
e Eccentricity of an orbit around the MBH.
P Orbital period of an orbit around the MBH.
n⋆(r) Stellar number density, assumed to be n⋆ ∝
r−γ.
ρ⋆(r) Stellar mass density, ρ⋆(r) = m⋆n⋆(r).
σ⋆(r) One-dimensional stellar velocity dispersion.
N⋆(a) Number of stars within radius r = a from the
MBH.
M⋆(a) Mass of stars within radius r = a from the
MBH.
J Angular-momentum vector of an orbit
around the MBH; J =
√
GM•a(1 − e2) if the
stellar potential is neglected.
Jc Angular momentum of a circular orbit
around the MBH.
γ Density slope (ρ⋆ ∝ r−γ).
Binary+MBH triple system
M1 Inner orbit primary mass.
M2 Inner orbit secondary mass.
ain Inner orbit semimajor axis.
aout Outer orbit semimajor axis.
Pin Inner orbital period.
Pout Outer orbital period.
ein Inner orbit eccentricity.
eout Outer orbit eccentricity.
ein Inner orbit eccentricity vector.
eout Outer orbit eccentricity vector.
jin Inner orbit normalized angular-momentum
vector; its norm is jin =
√
1 − e2
in
.
jout Outer orbit normalized angular-momentum
vector.
irel Relative inclination between the inner and
outer orbits (cos irel = jˆin · jˆout).
ωin Inner orbit argument of periapsis.
ωout Outer orbit argument of periapsis.
Table 1
Description of symbols used throughout this paper.
Mass precession changes the (in-plane) orientation of all or-
bits around the MBH, which is important for RR (see Sec-
tion 2.3). In the case of a binary around the MBH, mass
precession acts on the outer orbit, and this can potentially
quench LK oscillations. However, the quadrupole-order secu-
lar MBH+binary equations of motion do not depend on ωout,
the outer orbit argument of periapsis. As shown below, in
situations where LK-induced mergers can potentially be en-
hanced due to VRR, the quadrupole-order terms dominate
(i.e., the octupole parameter ǫoct is small, see also Section 2.6).
Therefore, mass precession is not an important quenching
source for LK oscillations in our case.
2.2. Relativistic precession
The lowest-order relativistic effect (assuming non-spinning
MBHs) is precession of the argument of periapsis of both in-
ner and outer orbits, with time-scales to precess by π given by
(Weinberg 1972)
t1PN, in =
1
6
(
1 − e2in
) ainc2
G(M1 + M2)
Pin; (2a)
t1PN, out =
1
6
(
1 − e2out
) aoutc2
GM•
Pout. (2b)
In equation (2b), we assumed that M• ≫ M1, M2. Also, we
neglect any PN coupling between the inner and outer orbits
(Naoz et al. 2013). Relativistic precession in the inner orbit
can be an important source of quenching of LK cycles, and
this needs to be taken into account. Relativistic precession in
the outer orbit is typically unimportant for our purposes, for
the same reason discussed in Section 2.1.
2.3. Resonant Relaxation
As mentioned in the Introduction, RR arises from the
torques generated on a test orbit by correlated encounters with
other stars close to the MBH. One can distinguish between
two regimes: the coherent regime, in which the stellar back-
ground potential is roughly fixed (in an orbit-averaged sense),
and the incoherent regime, in which both in-plane and out-of-
plane precession cause the background potential to evolve. In
the coherent regime, the (approximately constant) net torque
on a test orbit is ∼ √N⋆Gm⋆/a, which leads to a change of
the orbital angular momentum(
∆J
Jc
)
coh
≈ βm⋆
M•
√
N⋆
∆t
P
, (3)
where β is a dimensionless number, which can be computed
as a function of eccentricity and density slope γ (Kocsis &
Tremaine 2015). Here, for simplicity, we set β to βv = 2 for
VRR. One can define the VRR (or ‘2d RR’, see also Merritt
2013, Section 5.6.1.3) time-scale as the duration for which
∆Jcoh = Jc, i.e.,
tVRR ≡ P
βv
M•
m⋆
1√
N⋆
. (4)
On time-scales longer than the coherence time-scale tcoh, the
angular momentum of the test orbit evolves approximately
as a random walk with a step size given by the angular
momentum-change accumulated during the coherent regime,
i.e., (
∆J
Jc
)
incoh
≈
(
∆t
tcoh
)1/2(
∆J
Jc
)
coh, step
≡
(
∆t
tSRR
)1/2
, (5)
where (∆J/Jc)coh, step is equation (3) evaluated at ∆t = tcoh,
and where after the second equality we defined the SRR (or
‘3d RR’, see also Merritt 2013, Section 5.6.1.3) time-scale.
From equations (3) and (5), it is straightforward to show that
tSRR ≡ 1
β2s
(
M•
m⋆
)2
1
N⋆
P2
tcoh
, (6)
where we set1 βs = 2. If the reorientation of the (orbit-
averaged) stellar background potential arises from mass pre-
cession, then tcoh = tMP, and (averaging tMP over a thermal
distribution, Jeans 1919)
tSRR =
1
β2s
M•
m⋆
P, (7)
such that tVRR = (β
2
s/βv) tSRR
√
N⋆. This shows that tVRR <
tSRR, unless N⋆ is small (i.e., very close to the MBH).
1 Strictly speaking, βv and βs are not the same. However, they differ little,
e.g., Merritt (2013, S5.6.1.3), and for simplicity we set βs = βv = 2 for the
purposes of the time-scales shown in Fig. 1.
4Coherence of the stellar background is generally broken by
relativistic precession or mass precession, whichever process
dominates. We write the effective coherence time-scale as
t−1coh = 〈〈t1PN, out〉〉−1 + 〈〈tMP〉〉−1, (8)
where the double brackets denote averages over eout assuming
a thermal distribution.
2.4. Nonresonant relaxation
At larger distances from the MBH, encounters become un-
correlated, and RR becomes ineffective. Uncorrelated en-
counters give rise to nonresonant relaxation (NRR), which
changes all orbital elements of a test orbit on a time-scale
given by
tNRR ≈ CNRR(γ)
(
M•
m⋆
)2
P
N⋆ lnΛ
. (9)
Here, the NRR time-scale is defined in terms of the angular-
momentum diffusion coefficient in the limit of zero angular-
momentum; the dimensionless quantity CNRR(γ) is a function
of the density slope γ (see Appendix B of Hamers et al. 2014).
For the Coulomb logarithm, we assumeΛ = M•/(2m⋆). From
equation (9), it is clear that tNRR ≫ tVRR.
2.5. Binary evaporation
Uncorrelated encounters with other stars not only affect the
orbital elements of the outer orbit, but also those of the in-
ner orbit (Binney & Tremaine 2008; Perets 2009). The na-
ture of the effect on the inner orbit semimajor axis depends
on the ratio of the (absolute value of the) binding energy,
Ein = G(M1 + M2)/(2ain), to the squared stellar velocity dis-
persion, σ2⋆(r) (Heggie 1975). If the inner binary is soft,
G(M1 + M2)/(2ain) ≪ σ2⋆, then encounters tend to make it
even softer (ain increases), whereas hard binaries, for which
G(M1 + M2)/(2ain) ≫ σ2⋆, tend to become harder (ain de-
creases; e.g., Hut 1993; Heggie et al. 1996).
For soft binaries, the time-scale for the inner orbit binding
energy to change by order itself is given by (Alexander &
Pfuhl 2014)
tEV =
1
8
√
1 + qσ
2πqσ
M1 + M2
m⋆
σ⋆(r)
Gn⋆(r)m⋆ain lnΛin
, (10)
where qσ ≡ (M1 + M2)/m⋆, and Λin = 3(1 + 1/qσ)/(1 +
2/qσ)[σ
2
⋆(r)/v
2
in
], with v2
in
= G(M1 + M2)/ain (Alexander &
Pfuhl 2014).
2.6. LK cycles
The quadrupole-order time-scale of LK oscillations can be
estimated as (e.g., Innanen et al. 1997; Kinoshita & Nakai
1999; Antognini 2015)
tLK =
8
15π
(
P2out
Pin
)
M1 + M2 + M•
M•
(
1 − e2out
)3/2
. (11)
We shall refer to the ratio of the LK and VRR time-scales as
the ‘adiabatic parameter’ R,
R ≡ tLK
tVRR
=
8
15π
Pout
Pin
M1 + M2 + M•
M•
m⋆
M•
βv
√
N⋆
(
1 − e2out
)3/2
≃ 8
15π
(
aout
ain
)3/2(
M1 + M2
M•
)1/2
m⋆
M•
βv
√
N⋆
(
1 − e2out
)3/2
,
(12)
where in the last line we assumed M• ≫ M1, M2. One can
consider R ≪ 1 to be the ‘adiabatic’ regime in which VRR
slowly changes the orientation of the outer orbit, and on time-
scales ≪ tVRR, the system is well described as an isolated
three-body system. Non-adiabatic regimes (R ∼ 1 or R ≫ 1)
are associated with different behavior, and we consider these
regimes in more detail in Section 4.
The importance of the octupole-order terms can be esti-
mated by the octupole parameter ǫoct (which is essentially the
ratio of the coefficient of the octupole-order term to the coef-
ficient of the quadrupole-order term),
ǫoct ≡ |M1 − M2|
M1 + M2
ain
aout
eout
1 − e2out
. (13)
Orbital flips, and associated high eccentricities, can occur
if ǫoct & 10
−3 (Lithwick & Naoz 2011; Katz et al. 2011;
Teyssandier et al. 2013; Li et al. 2014). We evaluate typical
values of ǫoct for our systems of interest below.
2.7. Comparison of times-scales for different parameters
We compute the various time-scales discussed above for
clusters with different M• and γ, and for different inner bi-
nary semimajor axes ain. We set the inner binary masses to
M1 = 30M⊙ and M2 = 20M⊙, representing some of the re-
cent LIGO systems, and the outer orbit eccentricity is set to
eout = 2/3 (the mean value for a thermal distribution, Jeans
1919). The inner orbit eccentricity, used to calculate t1PN, in, is
set to ein = 0 (an optimistic assumption in terms of quenching
of LK oscillations). The average background stellar mass is
set to m⋆ = 1M⊙.
To set the overall normalization of the stellar distribution,
we adopt the M• −σbulge-relation between the MBH mass and
bulge velocity dispersion σbulge (Merritt & Ferrarese 2001),
log10
(
M•
M⊙
)
= 4.8 log10
( σbulge
km s−1
)
− 2.9, (14)
and set σbulge to σ⋆(rh), where rh is the radius at which the
enclosed distributed stellar mass is 2M• (i.e., combining two
definitions for the radius of influence).
Specifically, assuming a spherically symmetric stellar num-
ber density distribution n⋆(r) = nh(r/rh)
−γ and using the
isotropic Jeans equation, one can show that rh and σ⋆, where
σ⋆ is the velocity dispersion at r = rh, are related via
rh =
GM•
σ2⋆
1
1 + γ
(
1 +
1 + γ
γ − 1
)
. (15)
For a given M• and γ, we computeσbulge from the M•−σbulge-
relation (Merritt & Ferrarese 2001), set σ⋆ = σbulge, and cal-
culate rh from equation (15). The normalization nh is then
given by nh = [(3 − γ)/(4π)](2M•/m⋆)r−3h . Related quantities
such as N⋆ and M⋆ are found by straightforward integration
over volume of n⋆(r).
We show the resulting time-scales and ǫoct as a function of
r, normalized by rh, in Fig. 1. Each panel corresponds to a
different combination of M•, γ and ain. Refer to the legends
and/or the figure caption for the meaning of the various colors
and line styles.
The regions of interest are where the LK and VRR time-
scales are similar, and a number of other conditions are met.
In Fig. 1, we highlight with thick solid dark red lines the radii
for which
(i) 0.1 < R < 10;
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Figure 1. Various time-scales and octupole parameter as a function of distance to the MBH, r, normalized to rh. The octupole parameter
(equation 13) is shown with the dark red dotted line. Other lines show various time-scales: tLK: red solid; tVRR: light yellow solid; tSRR: dark
yellow solid; tMP: light green dotted; tEV: light blue dashed; tNRR: black dotted; t1PN, in: dark blue dashed (setting ein = 0); t1PN, out: dark blue
dashed. Each panel corresponds to certain values of M•, γ, and ain, indicated in the top. The thick solid dark red lines indicate the radii for
which we expect VRR to be important (not applicable in all panels).
6(ii) tLK < tEV/10;
(iii) tLK < 10Gyr;
(iv) tLK < t1PN, in.
The chosen range for R in condition (i) is somewhat arbitrary.
We investigate the dynamics as a function of R in more detail
in Section 4. Here, the main aim is to broadly explore the pa-
rameter space and pinpoint regions of interest, rather than to
accurately capture the dynamics. Condition (ii) ensures that
at least O(10) LK cycles occur before the binary evaporates.
Condition (iii) excludes LK time-scales that are too long com-
pared to the age of the Universe, and condition (iv) excludes
systems in which LK cycles are suppressed by relativistic pre-
cession in the inner orbit.
We note the following:
• There are no regions of interest for tight binaries (ain =
0.1 au). This can be ascribed to the short relativistic
precession time-scale.
• The kink as a function of r in the SRR time-scale is
due to a change of 1PN precession being the dominant
reshuﬄing process close to the MBH, to mass preces-
sion further away (see equation 8).
• SRR can be as important as VRR close to the MBH,
but the regions of interest are located further from the
MBH, where tSRR ≫ tVRR.
• The effect of binary evaporation is weak for the regions
of interest.
• The NRR time-scale is typically longer than the LK
and VRR time-scales in the regions of interest, although
there are some cases in which they are comparable (in
particular, for low MBH masses and large ain).
• In the regions of interest, the octupole parameter is typ-
ically small (ǫoct . 10
−4), indicating that the eccentric
LK mechanism is expected to be unimportant. Nev-
ertheless, we include the octupole (and higher-order)
terms in the numerical integrations in Sections 4 and 5
(see also Section 3.2).
2.8. Potentially interesting regimes
Although Fig. 1 contains detailed information on the time-
scales, it is difficult to obtain insight into the dependence of
the size of the parameter space of interest as a function of M•,
γ and ain. For that purpose, we here determine the number
of stars within the radial extent of interest, normalized to the
total number of stars. We consider ranges in r between 10−5
and 10 rh.
Specifically, let rin and rout denote the inner and outer edges
of the region for which the criteria discussed in Section 2.7 are
satisfied (i.e., the radial region indicated with the thick solid
dark red lines in Fig. 1). The number of stars within the region
of interest is then Ninterest = N⋆(rout) − N⋆(rin); the total num-
ber of stars is Ntot = N⋆(10 rh). Evidently, Ninterest does not
give the actual number of binaries of interest; to get the latter
number, one should multiply by the binary fraction. We em-
phasize that Ninterest/Ntot does not contain direct information
on the enhancement of merger rates due to VRR; it measures
the importance of the parameter space for which LK-VRR
coupling is potentially important.
In Fig. 2, we show Ninterest/Ntot as a function of M• for sev-
eral values of ain and γ (top four panels), and as a function of
ain for several values of M• and γ (bottom four panels). To
illustrate the importance of relativistic precession in the inner
binary, we show results with (solid lines) and without (dashed
lines) the inclusion of criterion (iv) described in Section 2.7.
From Fig. 2, it is clear that there is a strong dependence
of Ninterest/Ntot on all three parameters M•, γ and ain. Gen-
erally, the number fraction is significant (i.e., & 0.04) for a
relatively narrow range of ain, which can be understood by
noting that relativistic precession dominates in tight binaries,
whereas evaporation and the age of the Universe restrict the
region of interest for wide binaries. More massive MBHs im-
ply longer VRR time-scales whereas the LK time-scale de-
creases. Therefore, Ninterest/Ntot decreases for large values of
M•.
We investigate the dependence of the importance of LK-
VRR coupling and merger rates on the parameters in more
detail in Section 5.
3. METHODOLOGY
3.1. Model for Vector Resonant Relaxation
In order to mimic the stochastic motion of the outer orbit
by VRR, we construct a toy model which, statistically, repro-
duces the orbital evolution of a test star due to the stochas-
tic torques of the background. This toy model is based
on the assumption that the two important properties of the
stochastic torques are the rms of the torque τv = J
√
〈 ˙ˆJ · ˙ˆJ〉 =
βv
√
N⋆m⋆J
2
c /(M•P) and the time scale on which this torque
remains coherent tv
coh
, which is set by the VRR timescale,
tv
coh
= ǫctVRR. The free parameter βv, which determines the
magnitude of the torque, can be calculated directly (e.g., Koc-
sis & Tremaine 2015). To determine ǫc, which sets the coher-
ence timescale, we fit the orbital evolution in our toy model to
numerical simulations.
We assume that the motion of a test orbit is governed by
the quadruple moment of the background stars. The evolution
of the angular-momentum vector is given by the equation of
motion
˙ˆJ = J−1τv(Q(t)Jˆ) × Jˆ, (16)
where Q(t) is a time dependent matrix
Q =
√
3
4

η2r(t) η2i(t) −η1r(t)
η2i(t) −η2r(t) −η1i(t)
−η1r(t) −η1i(t)
√
3η0(t)
 , (17)
which depends on the intricate motion of the background
stars through its decomposition into spherical harmon-
ics ηir(t) ∝ ∑n ℜ[Y2i(Jˆn(t))], ηii(t) ∝ ∑n ℑ[Y2i(Jˆn(t))], where
{Jˆn(t)} are angular momentum vectors of background stars.
This model has two free parameters, βv and ǫc, which deter-
mine the magnitude of the torque and the coherence time, re-
spectively.
Instead of following the complexmotion of the background,
we replace the ηi(t) ∈ {η0, η1r(t), η1i(t), η2r(t), η2i(t)} functions
by Gaussian noise terms with similar statistical properties as
the exact ones.
These noise terms are of zero mean 〈ηi(t)〉 = 0,
and are fully described by their correlation function
〈ηi(t)η j(t′)〉 = δi jC(t − t′), which is normalized such that
〈J˙ · J˙〉 = τ2v. The coherence time, which is the timescale on
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Figure 2. Number of stars within the region of interest, Ninterest, nor-
malized to the total number of stars, Ntot (see text in Section 2.8).
The region of interest is defined with the criteria in Section 2.7. The
ratios Ninterest/Ntot are shown as a function of M• for several values
of ain and γ (top four panels), and as a function of ain for several
values of M• and γ (bottom four panels). Solid (dashed) lines show
Ninterest/Ntot with (without) taking into relativistic precession in the
inner orbit.
which C(t − t′) decays, is set by fitting the correlation in Jˆ to
effective N-body simulations.
Here, we implement correlated noise with a correlation
timescale tv
coh
, by drawing ηi
j
from a Gaussian distribution,
with zero mean and standard deviation of 1, at times ti each
coherence time ti+1 − ti = tvcoh, and linearly interpolating be-
tween ηi
j
and ηi+1
j
. Thus, on the interval ti ≤ t < ti+1, the noise
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Figure 3. Change in the direction of the angular-momentum of the outer orbit〈
(∆Jˆ)
2
〉
as a function of time for the VRR model (solid blue line) fitted to the
data from numerical simulations of interacting rings (red dots). For reference,
the black dashed lines show the analytic approximation in equation (21) with
different values of ǫc.
terms are given by
η j(t) = η
i
j +
(
ηi+1j − ηij
)
(t − ti)/tvcoh, (18)
and the correlation function is
C(t) =

2
3
+
t − 2tv
coh
2(tv
coh
)3
t2, |t| ≤ tv
coh
;
(2tv
coh
− |t|)3
6(tv
coh
)3
, tv
coh
< |t| ≤ 2tv
coh
;
0, |t| > 2tv
coh
.
(19)
To compare this scheme to numerical simulations, we define
the mean squared change in orientation of the angular mo-
mentum over time ∆t = t′ − t as〈
(∆Jˆ)
2
〉
≡ 1
2
〈∣∣∣Jˆ(t) − Jˆ(t′)∣∣∣2〉 = 1 − 〈Jˆ(t) · Jˆ(t′)〉 . (20)
On short timescales, t ≪ tv
coh
, the torque is nearly constant and
the evolution of J is ballistic
〈
(∆Jˆ)
2
〉
≈ τvt2/(2J). On long
timescales, t ≫ tv
coh
, the torque is reshuﬄed and J changes in
a diffusive manner
〈
(∆Jˆ)
2
〉
≈ 1−exp(−DVRRt), where DVRR =
J−2τ2v(t
v
coh
)2 is the diffusion coefficient.
We verified our model for VRR by carrying out a number
of integrations of the equations of motion (without the terms
accounting for the secular binary+MBH interaction), and by
comparing the evolution of Jˆ to numerical simulations of in-
teracting rings. In these simulations, we used a set of gravita-
tionally interacting circular rings and advanced the system by
calculating the mutual torques between all ring-pairs at each
time-step (see, e.g., Ulubay-Siddiki et al. 2009). As shown in
Fig 3,
〈
(∆Jˆ)
2
〉
can be analytically approximated by
〈
Jˆ(0) · Jˆ(t)
〉
≈ 1 − exp
[
−J−2τ2v(tvcoh)2χ(t/tvcoh)
]
, (21)
where χ(x) = x − 1 + exp(−x), and the model is consistent
with the ring simulations, for ǫc ≈ 0.316.
83.2. Secular dynamics
To describe the secular dynamics of the binary+MBH sys-
tem, we adopt the standard equations of motion for hierarchi-
cal triple systems based on an expansion of the Hamiltonian
in terms of the ratio of the separations of the inner and outer
orbits. The Hamiltonian is averaged over both orbits, and the
equations of motion (in vector form) are integrated numeri-
cally. By default, we include the quadrupole, octupole, hex-
adecapole and dotriacontupole-order terms as implemented
within SecularMultiple (Hamers & Portegies Zwart 2016),
in which we have included the VRR model described in Sec-
tion 3.1. Although not studied here, the implementation also
supports the inclusion of VRR on the orbits of more compli-
cated subsystems orbiting the MBH, e.g., multiplanet systems
within binaries.
4. UNDERSTANDING THE DYNAMICS
In this section, we address in detail the impact of VRR on
the LK evolution of the binary+MBH system. We consider
the VRR and LK dynamics only, i.e., we include the LK equa-
tions of motion and the effects of VRR on the outer orbit.
Other physical processes such as PN corrections and binary
evaporation are ignored here, but are included in the Monte
Carlo integrations in Section 5.
4.1. Illustration of the different regimes
We first show a number of examples to illustrate the depen-
dence of the typical dynamical behavior on the adiabatic pa-
rameter R. In these examples, we fix eout = 2/3. In the limit
that R is very small, i.e., tLK ≪ tVRR, VRR is unimportant,
and, to quadrupole order in the test particle approximation,
the maximum eccentricity, assuming zero initial eccentricity,
is given by the canonical relation
ein,max =
√
1 − 5
3
cos2(irel, 0), (22)
where irel, 0 is the initial mutual inclination. If R is larger, in
particular, R ∼ 1, significant eccentricity excitation is pos-
sible even if the initial mutual inclination is small, including
coplanar configurations. This is illustrated in Figures 4 and 5,
in which R ≃ 0.11 and ≃ 1.3, respectively. In these exam-
ples, there is significant eccentricity excitation, much more
than implied by equation (22). In particular, in Fig. 5, the
initial mutual inclination is irel, 0 ≈ 30◦, and there would be
no eccentricity excitation in the absence of VRR. If VRR
is taken into account (with R ≃ 1.3), the mutual inclination
changes due to the changing direction of jout. After a few tLK,
irel increases to 90
◦, and the eccentricity is excited through a
LK-like process. Subsequent eccentricity excitations are as-
sociated with inclinations close to 90◦, and particularly with
orbital flips (changes from prograde to retrograde orbits, and
vice versa). For example, a spike in the eccentricity with 1−ein
reaching∼ 10−6 occurs after ≈ 90 tLK, and which is associated
with an orbital flip. Typically, the evolution is complex and
chaotic in this regime. High eccentricities are possible even
for R ≃ 0.1, as shown in Fig. 4.
In Fig. 6, we illustrate the regime R ≫ 1 (R = 100). One
might expect that eccentricity excitation is completely sup-
pressed if tLK ≫ tVRR, since the mutual inclination is varying
on a short time-scale compared to tLK (see the bottom panel
in Fig. 5). Initially, this is the case in Fig. 6, but after several
tens of tLK, the eccentricity grows gradually. The evolution
in this regime can be characterized as a diffusive process, in
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Figure 4. Example evolution in the ‘mildly transadiabatic’ regime,
R ≃ 0.11. Top panel: inner orbit eccentricity; bottom panel: mutual
inclination between the inner and outer orbits. The initial mutual
inclination is irel, 0 ≃ 65◦, and in the canonical case without VRR,
the maximum eccentricity (see equation 22) is ≃ 0.84 (horizontal
dotted line in the top panel). With VRR included, high-eccentricity
oscillations occur as a consequence of LK-like evolution induced by
high mutual inclinations triggered by VRR. In particular, a flip from
prograde to retrograde orientation occurs after ≃ 85 tLK. This flip is
associated with a maximum eccentricity of ≃ 0.99, much larger than
≃ 0.84 in the case without VRR.
which the eccentricity grows in a random walk-like fashion
with a step size given by ∆estep ∼ tVRR/tLK = R−1. The eccen-
tricity then grows as ∆e = ∆estep(∆t/tVRR)
1/2, implying that
e increases to order unity on a time-scale given by (setting
∆e = 1 for ∆t = tdif)
tdif ∼ R2 tVRR = R tLK. (23)
In Fig. 6, R = 100, and the eccentricity indeed grows to order
unity on a time-scale of the order of R tLK = 100 tLK.
4.2. Eccentricity distributions as a function of the adiabatic
parameter
We investigate the different regimes more quantitatively by
carrying out numerical integrations of the equations of motion
for different adiabatic parameters, again only including the
secular Newtonian three-body terms and VRR. Specifically,
for a given value of the adiabatic parameter R in a range of up
to R = 100, we sample 1000 systems with different random
orientations of the inner binary with respect to the MBH, and
integrate for a duration of 100 tLK. Note that, by definition, an
elapsed time of tLK corresponds to R tVRR, i.e., in the longest
integration (R = 100) we integrate for 104 tVRR. For each
system, we record the maximum eccentricity reached in the
inner orbit, ein,max, by means of root finding (i.e., we search
for all local maxima in the integrations, dein/dt = 0, using
root finding, and determine from the local maxima the global
maximum; this method ensures that there is no risk of missing
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Figure 5. Example evolution in the ‘transadiabatic’ regime, R ≃ 1.3.
Top panel: inner orbit eccentricity; bottom panel: mutual inclination
between the inner and outer orbits. The initial mutual inclination is
irel, 0 ≃ 30◦, implying no excitation in the case without VRR, yet with
VRR, high-eccentricity oscillations occur, reaching values as high as
1 − 10−6.
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Figure 6. Similar to Fig. 5, now showing example evolution in the
regime R ≫ 1 (R = 100). Initially, eccentricity excitation is sup-
pressed, but the eccentricity growths slowly in a diffusive process.
the true maximum eccentricity because of a finite number of
output snapshots). For simplicity, we fix eout = 2/3.
The resulting cumulative distributions of ein,max (each based
on 1000 simulations) are are shown in Fig. 7. Each panel cor-
responds to a different integration time, indicated in the top.
Different lines correspond to different values of R, indicated
in the legend. The black solid line shows the analytic result
that applies in the limit R = 0 (i.e., the canonical LK limit
without VRR). In that case, it is straightforward to show that
N(< jin) =
√
3/5 jin, (24)
where jin =
√
1 − e2
in
. The solid dark blue lines in Fig. 7
corresponds to the numerical integrations with R = 0, and
agree with the analytical prediction (note that the noise level
is at a CDF value of ∼ 1/
√
1000 ≃ 0.03). We identify the
following features.
• Already for relatively small R (R ≃ 0.03), there is a
significant enhancement in the maximum eccentricity
compared to equation (24). For example, after 100 tLK
and for 1 − ein,max = 10−4, the cumulative fraction is
∼ 10−2 in the case R = 0, whereas for R ≃ 0.03, the
cumulative fraction at 1 − ein,max = 10−4 is ∼ 10−1.
• Generally, there is a dependence of the distribution of
ein,max on time. As R is closer to unity, the dependence
becomes weaker, i.e., there is less evolution in the dis-
tributions between 20 and 100 tLK.
• For a range of R, 0.1 . R . 10, the distribution of
ein,max is approximately independent of R. Related to
the above point, the time evolution of this distribution
is relatively weak compared to other values of R. After
100 tLK, at 1−ein,max = 10−4 the cumulative fraction for
these values of R is ∼ 0.6, compared to ∼ 10−2 for the
case without VRR.
• For large values of R, R & 10, there is a suppression
of maximum eccentricities compared to equation (24)
at early times. At later times, the distributions shift sig-
nificantly to larger eccentricities. After 100 tLK and for
R = 100, the median ein,max is comparable to the case
R = 0, but there is a tail towards very high eccentrici-
ties which extends to about one order of magnitude in
the cumulative fraction at 1 − ein,max ∼ 10−5. This can
be ascribed to the diffusive evolution mentioned previ-
ously in Section 4.1.
5. MONTE CARLO SIMULATIONS
In addition to the scale-free integrations of Section 4, we
carry out Monte Carlo simulations of BH-BH binaries around
MBHs in which we include more (astro)physical effects. In
particular, we include PN terms (1PN terms in the inner and
outer orbits, and 2.5PN and spin-orbit coupling terms in the
inner orbit), Newtonian mass precession terms for the outer
orbit, and take into account binary evaporation (with a simpli-
fied method, i.e., by limiting the integration time).
5.1. Setup
5.1.1. Initial conditions
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Figure 7. Cumulative distributions of ein,max (based on 1000 simula-
tions). Each panel corresponds to a different integration time, indi-
cated in the top. Different lines correspond to different values of R,
indicated in the legend. Black solid line: analytic distribution that
applies in the limit R = 0 (see equation 24).
We carry out various sets of simulations, each in which we
consider the MBH mass and density slope γ to be fixed pa-
rameters. For a given M• and γ, we first calculate the ra-
dius of the sphere of influence, rh, using the same method
of Section 2.7, i.e., we assume a stellar density distribution
n⋆(r) = nh(r/rh)
−γ, and normalize the distribution using the
M•–σbulge-relation.
The initial distributions of compact object binaries in galac-
tic nuclei are not constrained. Here, we assume simple dis-
tributions that do not impose strong biases on the parame-
ters. We emphasize that our assumptions on the distributions
are not realistic, and are chosen for simplicity and generality,
rather than for realism. A posteriori, our merger rates can be
scaled accordingly to more specific distributions.
We generate NMC systems with the following assumptions.
First, we sample the primary mass M1 from a flat distribution
with 10 < M1/M⊙ < 50, approximately capturing the low-
mass range of BHs, and also including the possibility of more
massive BHs (the highest BH mass detected by LIGO to date
is ≈ 35M⊙ for GW150914, Abbott et al. 2016b). We note that
we find few mergers with primary masses lower than 10 and
higher than 50 M⊙. The secondary mass is sampled assuming
a flat distribution of the mass ratio q ≡ M2/M1, with a mini-
mum secondary mass of M2 = 10M⊙. A flat mass ratio distri-
bution is appropriate for massive (main-sequence) stars (Sana
et al. 2012; Ducheˆne & Kraus 2013; Kobulnicky et al. 2014),
although it likely does not apply to compact object binaries.
We note, however, that there is no discernible preference for
mergers regarding q, as shown below.
The inner and outer semimajor axes are sampled from a
flat distribution in log10(ai/AU) (i.e., O¨pik’s law, O¨pik 1924).
For the inner orbits, we set the range to 1 < ain/ au < 10
4.
The lower limit is motivated from the result of Section 2 that
the number of potentially interesting systems drops rapidly as
ain . 10 au due to general relativistic precession. This is also
supported a posteriori from the simulations, given that we find
few mergers with initial inner orbit semimajor axes less than
a few au. The upper limit is motivated by the fact that such
very wide binaries quickly evaporate, and/or are dynamically
unstable with respect to the MBH. The range of aout is set to
0.01 < aout/rh < 2. For smaller aout, we find few mergers a
posteriori, and our models do not apply for aout ≫ rh.
We note that our distribution of the semimajor axis of the
compact object binary differs from simulations of globular
clusters, which typically predict distributions that are peaked
around ∼ 0.1 to ∼ 1 au (for binaries ejected from the cluster,
e.g., Rodriguez et al. 2016). In the case of field binaries, the
distribution is also biased towards small ain, given that wider
binaries are more susceptible to becoming unbound due to
supernovae. This implies that the merger fractions would be
lower if we had adopted such distributions for the initial semi-
major axis of the compact object binary. This is borne out by a
set of exploratory simulations that we carried out in which the
inner binary was evolved from the MS until a compact object
binary was formed using the BSE binary population synthesis
code (Hurley et al. 2002), similar to the approach of Petrovich
& Antonini (2017). In this exploratory set of simulations, the
merger fractions were lower by a factor of ∼ 10, and this re-
sulted in poor number statistics for the merging systems.
The inner and outer orbit eccentricities are sampled from a
thermal distribution, dN/dei = 2ei (with 0.01 < ei < 0.95).
A thermal distribution is to be expected for the outer orbit
due to dynamical interactions with the stellar cluster (Jeans
11
1919). Regarding the inner orbit, we expect that a signifi-
cant eccentricity would typically be produced in the relatively
wide (ain > 1 au) orbit due to the supernova kick associated
with the formation of the second compact object. We note
that there is little dependence of our results on the initial ec-
centricities.
Sampled systems that are dynamically unstable are re-
jected, where we use the stability criterion of Mardling &
Aarseth (2001). In this approach, none of the systems are ini-
tially tidally disrupted by the MBH, i.e., in all cases aout(1 −
eout) > ain[M•/(M1 + M2)]1/3. We compute the evaporation
time-scale for the binary using equation (10), where we set
σ⋆ = σ⋆(rh) if rout > rh to take into account that the veloc-
ity dispersion outside of the radius of influence is typically
constant.
The spins of the two compact objects are assumed to be ini-
tially coplanar with the inner orbit. This is likely not a good
assumption if natal kicks were involved in the formation of
the compact object binary. However, our aim is to show that
LK-VRR coupling can very efficiently induce random spin-
orbit orientations (see Section 5.2.3 below). Therefore, we
choose to set up the system with zero initial spin-orbit align-
ments. Any randomization in the spin-orbit alignment can
then clearly be attributed to the dynamical evolution. The
spins are evolved according to the orbit-averaged PN geode-
tic equations of motion (e.g., Schnittman 2004), where we
neglect the back-reaction of the spins on the orbit.
Each simulation is carried out twice: once with VRR in-
cluded, and once without the effects of VRR. We consider
two sets of simulations. In the ‘small’ set, we set the num-
ber of BH-BH binaries to be NMC = 10
3, and consider 20
different combinations of M• and γ. The number of systems
for each parameter combination in this set is relatively low,
implying low merger number statistics. We also consider a
‘large’ set, in which we set NMC = 10
4. In the large set, we
consider the combination M• = 104M⊙ and γ = 2 (to max-
imize the absolute number of mergers), and the combination
M• = 4 × 106M⊙ and γ = 1.3, representative of the Galactic
Center (GC; Ghez et al. 2008; Gillessen et al. 2009; Fritz et al.
2016; Scho¨del et al. 2018).
5.1.2. Stopping conditions
The successfully-sampled systems are integrated for a du-
ration of 10Gyr or the evaporation time-scale (equation 10),
whichever is shortest. In addition, we check for the following
conditions during the simulations using root finding within
the numerical integration of the ODEs (this ensures that no
conditions are missed due to finite output times).
1. The time-scale for GW emission in the inner binary
to shrink ain by order itself, ta,GW, is 10 times shorter
than the time-scale for LK oscillations to reduce the in-
ner binary periapsis distance rp, in by order itself, trp,LK.
Specifically, 10 ta,GW < trp,LK, where
t−1a,GW ≡
∣∣∣∣∣ 1ain daindt
∣∣∣∣∣
GW
=
64
5
G3M1M2(M1 + M2)
c5a4
in
(
1 − e2
in
)7/2
(
1 +
73
24
e2in +
37
96
e4in
)
; (25)
t−1rp,LK ≡
∣∣∣∣∣∣ 1rp, in
drp, in
dt
∣∣∣∣∣∣
LK
=
75
64
√
5
3
ein√
1 − e2
in
√
G(M1 + M2)
a3
in
M•
M1 + M2
(
ain
aout
)3
×
(
1 − e2out
)−3/2
. (26)
Equation (25) follows directly from equation (5.6) of
Peters (1964); to derive equation (26), we computed the
rms average of the secular quadrupole-order LK equa-
tion for e˙in over all directions of Jˆout.
Once this condition is met, the binary is effectively
decoupled from the MBH, and the evolution is domi-
nated by the 2.5PN GW terms in the inner binary. We
stop the subsequent integration, and flag the system
as a compact object binary merger. The factor 10 in
10 ta,GW < trp,LK is a ‘safety’ factor to ensure that the
system is completely decoupled. We demonstrate that
our criterion is robust by giving an example below in
Section 5.2.1.
2. The secular approximation in the orbit-averaged three-
body equations of motion breaks down (i.e., the
semisecular or quasi-secular regime is reached). This
can occur when the time-scale for the inner orbit
angular-momentum to change by order itself becomes
comparable to or even shorter than the inner or outer
orbital periods, in which case averaging over the orbits
is clearly no longer a good approximation. We assume
that the semisecular regime is entered if (Antonini et al.
2014)
√
1 − ein < 5π M•
M1 + M2
[
ain
aout (1 − eout)
]3
. (27)
In the semisecular regime, the system can remain
dynamically stable, but the maximum eccentricities
reached in the inner orbit can be potentially higher
compared to the maximum eccentricities according to
the doubly-averaged equations of motion (Antonini &
Perets 2012; Antonini et al. 2014). Here, we continue
integrating the equations of motion using the secular
equations, even after the semisecular regime is reached.
We do record when the system enters the semisecular
regime. This implies that our merger rates are likely
underestimated. However, our focus is on the relative
enhancement of the rates when VRR is taken into ac-
count. We do not expect that this approach introduces
significant errors in the relative merger rates.
Also, we stop the integration if the system becomes dy-
namically unstable according to the criterion of Mardling &
Aarseth (2001). Although we do check for this condition,
it does not occur in the simulations since originally-unstable
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Figure 8. Example evolution of a system in which the inner binary
merges due to coupled LK-VRR evolution. The top and bottom pan-
els show evolutionary tracks in the (1 − ein, ain) and (1 − ein, fGW, in)
planes, respectively, where fGW, in is the inner orbit GW frequency
(see equation 28). Refer to the text for the initial conditions. Solid
black lines: evolution according to the ‘full’ numerical simulations
(including the three-body secular terms, terms associated with VRR,
and PN terms); the black circles correspond to stopping condition (1)
in Section 5.1.2. Red dashed lines: analytic solutions for 2.5PN evo-
lution in isolated binaries according to Peters (1964). The thick red
solid lines indicate the LIGO band ( fGW, in > 20Hz). In the top panel,
the blue solid curves show contours for which ta,GW (equation 25)
and trp,LK (equation 26) are related by various factors, indicated in
the legend.
systems were rejected, and aout, eout and the masses are as-
sumed to be constant (also, note that ain can only decrease
due to the 2.5PN terms, bringing the system even further away
from dynamical instability). Similarly, we check for tidal
disruption of the binary by the MBH, i.e., aout(1 − eout) <
ain[M•/(M1 + M2)]1/3, which does not occur in the simula-
tions for similar reasons.
5.2. Results
5.2.1. Example
In Fig. 8, we give an example of the evolution in the
(1 − ein, ain) plane (top panel), and the (1 − ein, fGW, in) plane
(bottom panel), of a system in which the inner binary even-
tually merges. Here, fGW, in is the peak GW frequency in the
inner binary (i.e., the mode with the most power), calculated
according to Wen (2003)
fGW, in =
1
π
√
G(M1 + M2)
a3
in
(1 + ein)
1.1954(
1 − e2
in
)3/2 . (28)
The initial parameters in the example system are M• =
104M⊙, γ = 2, M1 ≃ 39.2M⊙, M2 ≃ 10.3M⊙, ain ≃ 7.13 au,
aout ≃ 2.5 × 103 au ≃ 0.012 pc, ein ≃ 0.15, eout ≃ 0.43,
and irel ≃ 80◦. The LK and VRR time-scales are compara-
ble (tLK ≃ 0.068Myr; tVRR ≃ 0.11Myr, such that R ≃ 0.63);
in the example, VRR is included, and high eccentricities are
reached due to coupled LK-VRR evolution. Note that, al-
though the initial relative inclination is relatively high, it is
not high enough to trigger a merger in the absence of VRR.
As shown in Fig. 8, the inner binary semimajor axis de-
creases slightly due to the 2.5PN terms each time the ec-
centricity is high, resulting in a wide horizontal band in the
(1 − ein, ain) plane. After ∼ 680Myr of evolution, the 2.5PN
terms become more dominant and the binary starts to spiral
in due to GW emission. The eccentricity oscillations then
stop as ain decreases, which can be ascribed to the increasing
secular time-scale tLK with decreasing ain, whereas the 1PN
precession time-scale decreases.
The end of the ‘full’ simulation, i.e., in which the three-
body secular terms, terms associated with VRR, and PN terms
are included, is marked with the black circles in Fig. 8. At
this stage, the inner binary is clearly decoupled from pertur-
bations of the MBH and the surrounding stellar cluster, and
the evolution is dominated by the 2.5PN terms. The subse-
quent evolution is not computed in the ‘full’ simulation, but
shown in Fig. 8 with the red dashed lines, which are based on
the analytic solution of Peters (1964), i.e.,
ain(ein) =
c0e
12/19
in
1 − e2
in
(
1 +
121
304
e2in
)870/2299
, (29)
where c0 follows from the initial conditions (i.e., the black
circles in Fig. 8). The parts of the curves corresponding to
the LIGO band (i.e., a GW frequency higher than 20 Hz) are
shown with thick solid dark red lines. The eccentricity when
reaching the LIGO band, ein,LIGO ≈ 2 × 10−5, is small; this
is generally the case in the Monte Carlo simulations (see Sec-
tion 5.2.3 below).
In the top panel of Fig. 8, we also show with four solid blue
lines several contours for which the GW and LK time-scales
are related by factors ranging between 0.1 and 100 (refer to
the legend). Since the ‘full’ simulations were stopped when
10 ta,GW = trp,LK, the third contour intersects with the black
circle. The contours show that there is not a strong sensitivity
of the assumed factor between the time-scales, on whether or
not the system would have been identified as a merger system.
For example, if the criterion ta,GW = trp,LK had been adopted,
the ‘full’ simulation would have been stopped at a larger ain,
but still at a point in the (1 − ein, ain)-space in which the inner
binary is decoupled.
5.2.2. Fractions
We distinguish between the following channels in the
Monte Carlo simulations.
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Fraction
No Interaction No Interaction Merger Merger
Semisecular Semisecular
Fixed parameters VRR No VRR VRR No VRR VRR No VRR VRR No VRR
NMC = 10
3
M˜• = 4.0; γ = 1.3 0.817 ± 0.029 0.976 ± 0.031 0.018 ± 0.004 0.006 ± 0.002 0.132 ± 0.011 0.013 ± 0.004 0.033 ± 0.006 0.005 ± 0.002
M˜• = 4.0; γ = 2.0 0.680 ± 0.026 0.965 ± 0.031 0.034 ± 0.006 0.012 ± 0.003 0.224 ± 0.015 0.019 ± 0.004 0.062 ± 0.008 0.004 ± 0.002
M˜• = 4.3; γ = 1.3 0.904 ± 0.030 0.986 ± 0.031 0.014 ± 0.004 0.004 ± 0.002 0.063 ± 0.008 0.007 ± 0.003 0.019 ± 0.004 0.003 ± 0.002
M˜• = 4.3; γ = 2.0 0.811 ± 0.029 0.974 ± 0.031 0.024 ± 0.005 0.015 ± 0.004 0.136 ± 0.012 0.009 ± 0.003 0.029 ± 0.005 0.002 ± 0.001
M˜• = 4.7; γ = 1.3 0.952 ± 0.031 0.988 ± 0.031 0.011 ± 0.003 0.004 ± 0.002 0.030 ± 0.005 0.006 ± 0.002 0.007 ± 0.003 0.002 ± 0.001
M˜• = 4.7; γ = 2.0 0.907 ± 0.030 0.988 ± 0.031 0.019 ± 0.004 0.007 ± 0.003 0.048 ± 0.007 0.004 ± 0.002 0.026 ± 0.005 0.001 ± 0.001
M˜• = 5.0; γ = 1.3 0.958 ± 0.031 0.988 ± 0.031 0.015 ± 0.004 0.008 ± 0.003 0.021 ± 0.005 0.004 ± 0.002 0.006 ± 0.002 0.000 ± 0.000
M˜• = 5.0; γ = 2.0 0.947 ± 0.031 0.990 ± 0.031 0.012 ± 0.003 0.007 ± 0.003 0.026 ± 0.005 0.002 ± 0.001 0.015 ± 0.004 0.001 ± 0.001
M˜• = 5.3; γ = 1.3 0.982 ± 0.031 0.996 ± 0.032 0.006 ± 0.002 0.002 ± 0.001 0.009 ± 0.003 0.002 ± 0.001 0.003 ± 0.002 0.000 ± 0.000
M˜• = 5.3; γ = 2.0 0.972 ± 0.031 0.994 ± 0.032 0.006 ± 0.002 0.002 ± 0.001 0.014 ± 0.004 0.002 ± 0.001 0.008 ± 0.003 0.002 ± 0.001
M˜• = 5.7; γ = 1.3 0.991 ± 0.031 0.997 ± 0.032 0.003 ± 0.002 0.001 ± 0.001 0.005 ± 0.002 0.002 ± 0.001 0.001 ± 0.001 0.000 ± 0.000
M˜• = 5.7; γ = 2.0 0.981 ± 0.031 0.993 ± 0.032 0.008 ± 0.003 0.003 ± 0.002 0.008 ± 0.003 0.002 ± 0.001 0.003 ± 0.002 0.002 ± 0.001
M˜• = 6.0; γ = 1.3 0.988 ± 0.031 0.994 ± 0.032 0.005 ± 0.002 0.002 ± 0.001 0.007 ± 0.003 0.004 ± 0.002 0.000 ± 0.000 0.000 ± 0.000
M˜• = 6.0; γ = 2.0 0.985 ± 0.031 0.997 ± 0.032 0.001 ± 0.001 0.000 ± 0.000 0.011 ± 0.003 0.003 ± 0.002 0.003 ± 0.002 0.000 ± 0.000
M˜• = 6.3; γ = 1.3 0.989 ± 0.031 0.994 ± 0.032 0.002 ± 0.001 0.001 ± 0.001 0.008 ± 0.003 0.005 ± 0.002 0.001 ± 0.001 0.000 ± 0.000
M˜• = 6.3; γ = 2.0 0.988 ± 0.031 0.995 ± 0.032 0.002 ± 0.001 0.002 ± 0.001 0.007 ± 0.003 0.001 ± 0.001 0.003 ± 0.002 0.002 ± 0.001
M˜• = 6.7; γ = 1.3 0.994 ± 0.032 0.997 ± 0.032 0.001 ± 0.001 0.000 ± 0.000 0.005 ± 0.002 0.003 ± 0.002 0.000 ± 0.000 0.000 ± 0.000
M˜• = 6.7; γ = 2.0 0.993 ± 0.032 0.995 ± 0.032 0.002 ± 0.001 0.002 ± 0.001 0.003 ± 0.002 0.002 ± 0.001 0.002 ± 0.001 0.001 ± 0.001
M˜• = 7.0; γ = 1.3 0.995 ± 0.032 0.996 ± 0.032 0.001 ± 0.001 0.000 ± 0.000 0.004 ± 0.002 0.004 ± 0.002 0.000 ± 0.000 0.000 ± 0.000
M˜• = 7.0; γ = 2.0 0.993 ± 0.032 0.997 ± 0.032 0.001 ± 0.001 0.001 ± 0.001 0.003 ± 0.002 0.002 ± 0.001 0.002 ± 0.001 0.000 ± 0.000
NMC = 10
4
M˜• = 4.0; γ = 2.0 0.683 ± 0.008 0.966 ± 0.010 0.032 ± 0.002 0.010 ± 0.001 0.227 ± 0.005 0.021 ± 0.001 0.059 ± 0.002 0.003 ± 0.001
M˜• = 6.6; γ = 1.3 0.989 ± 0.010 0.994 ± 0.010 0.002 ± 0.000 0.001 ± 0.000 0.007 ± 0.001 0.004 ± 0.001 0.001 ± 0.000 0.001 ± 0.000
Table 2
Fractions of outcomes from the Monte Carlo calculations. The fractions are based on NMC simulations for each parameter combination, with and without the
inclusion of VRR. Each row corresponds to a different combination of M˜• ≡ log10(M•/M⊙) and γ, indicated in the first column. We show results for the small
set of simulations (NMC = 10
3; top part of the table), and the large set (NMC = 10
4; bottom part of the table). Fractions are rounded to three digits, and Poisson
errors are given for each entry.
1. The binary does not merge, and the binary+MBH sys-
tem remains outside of the semisecular regime at all
times (‘no interaction’).
2. The binary does not merge, but the binary+MBH sys-
tem does enter the semisecular regime at any time dur-
ing the evolution (‘no interaction; semisecular’).
3. Due to high eccentricities in the inner orbit, stopping
condition (1) (see Section 5.1.2) is met without entering
the semisecular regime. The binary will merge due to
orbital energy loss due to GW emission (‘merger’).
4. Similar to case (3), but here, during any point of
the evolution the semisecular regime was also entered
(‘merger; semisecular’).
In Table 2, we show the fractions of these channels in the
simulations for the ‘small’ set of simulations (NMC = 10
3; top
part of the table), and the ‘large’ set of simulations (NMC =
104; bottom part of the table). The fractions are given for
simulations with VRR included (‘VRR’), and excluded (‘No
VRR’). Each row corresponds to a different combination of
M˜• ≡ log10(M•/M⊙) and γ, indicated in the first column.
Poisson errors are given for each entry. As to be expected,
the merger fractions for M• = 104M⊙ and γ = 2 are con-
sistent within the error bars between the ‘small’ and ‘large’
sets.
A dynamical instability of the binary+MBH system does
not occur in the simulations; therefore, the corresponding
fractions are not given in Table 2. This can be attributed to
the constancy of eout in the simulations (note that the other
quantities occurring in the stability criterion of Mardling &
Aarseth (2001) are also constant in our simulations).
We note the following trends in the fractions shown in Ta-
ble 2.
• The merger fractions with VRR included are the largest
for M• = 104M⊙ and γ = 2, in which case fmerge ≈ 0.2.
For smaller M• and γ, the merger fractions are smaller.
For M• = 107M⊙, the fractions are close to zero.
• Typically, the merger fractions are enhanced by VRR
by a factor of up to ∼ 10.
• Depending on M• and γ, for ∼ 10% to ∼ 50% of the
mergers the semisecular regime is entered (i.e., before
reaching stopping condition 1 in Section 5.1.2).
• Of the non-interacting systems, up to a few per cent
enter the semisecular regime. The fraction of these sys-
tems is a few times larger if VRR is included.
5.2.3. Orbital distributions
In this section, we focus on the properties of the systems
that undergo the outcomes described in Section 5.2.2, spe-
cializing to the ‘large’ set of simulations (NMC = 10
4) with
M• = 104M⊙ and γ = 2. The results are qualitatively similar
for the large GC-like set (M• = 4×106M⊙ and γ = 1.3); how-
ever, the statistics in the former simulations are much better
because of the larger merger fractions (see Table 2). There-
fore, we focus on the case M• = 104M⊙ and γ = 2.
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Figure 9. Cumulative distributions of the inner (solid lines) and
outer (dashed lines) orbit semimajor axes for the ‘large’ simulations
(NMC = 10
4), for which M• = 104 M⊙, and γ = 2. The top (bot-
tom) panels apply to the simulations with (without) VRR. The cases
shown are no interaction (black lines), no interaction but entering
the semisecular regime at any point in the evolution (green lines),
merger (red lines), and merger while also entering the semisecular
regime (blue lines). The thin black solid (dashed) lines show the ini-
tial distributions of the inner (outer) semimajor axes for all systems
(i.e., not making a distinction to the outcome).
Semimajor axes— In Fig. 9, we show the distributions of the
inner (solid lines) and outer (dashed lines) orbit semimajor
axes. In this and in following figures, the top (bottom) pan-
els apply to the simulations with (without) VRR. The cases
shown are no interaction (black lines), no interaction but en-
tering the semisecular regime at any point in the evolution
(green lines), merger (red lines), and merger while also enter-
ing the semisecular regime (blue lines). The thin black solid
(dashed) lines show the initial distributions of the inner (outer)
semimajor axes for all systems (i.e., not making a distinction
with respect to the outcome).
The typical initial inner orbit semimajor axis for the merg-
ing systems is ∼ 10 au. There are few mergers with small
ain, which can be attributed to relativistic precession, as noted
before in Section 2.7. Merger systems that also enter the
semisecular regime typically have larger ain, which can be
understood from equation (27): more compact systems are
more susceptible to entering the semisecular regime. A sim-
ilar property applies to the non-interacting semisecular sys-
tems. Overall, the semimajor axis distributions do not vary
greatly between the ‘VRR’ and ‘No VRR’ cases.
Complementary to Fig. 9, we show in Fig. 10 the merger
fractions (including both the semisecular and non-semisecular
mergers) as a function of the outer orbit semimajor axis,
aout, for the VRR (solid line) and no VRR (dashed line)
cases. With VRR included, the merger fraction peaks around
103 au, which corresponds to ∼ 0.1 rh for the simulation with
M• = 104M⊙ and γ = 2. This is consistent with Fig. 1, in
102 103 104
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Figure 10. Merger fractions (including both the semisecular and non-
semisecular mergers) as a function of the outer orbit semimajor axis,
aout, for the VRR (solid line) and no VRR (dashed line) cases.
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Figure 11. Distributions from the Monte Carlo simulations of the ini-
tial mutual inclinations between the inner and outer orbits, arranged
by merger outcomes (red dashed lines), and non-merger outcomes
(black solid lines). Top (bottom) panels apply to simulations with
(without) VRR. The initial distribution of cos(irel) was assumed to
be flat between -1 and 1.
the sense that the latter figure shows that for comparable pa-
rameters, the regions of interest lie around r = 0.1 rh. The
enhancement relative to the case without VRR is ∼ 10, and is
not strongly dependent on aout.
Inclinations— The distributions of the initial mutual incli-
nations between the inner and outer orbits are shown in
Fig. 11. Here, we show distributions for the merging systems
(red dashed lines), and the non-merging systems (black solid
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Figure 12. The enhancement factor due to VRR of the mergers in
the Monte Carlo simulations, i.e., the number of mergers in the case
of VRR divided by the number of mergers without VRR, binned in
terms of the adiabatic parameter R ≡ tLK/tVRR (see equation 12).
lines), combining results from the systems that enter and that
do not enter the semisecular regime. Initially, random orbital
orientations were assumed (uniform distribution in cos irel, 0).
Without VRR, the inclination distributions of the semisecular
and merger systems are highly peaked around 90◦. This can
be easily understood by noting that these cases are associated
with very high eccentricities (see also Fig. 13); therefore, the
initial inclination should be close to 90◦ (see equation 22).
With VRR included, the distributions for the same channels
are not peaked, and broadly distributed along all inclinations.
This can be understood by noting that VRR can induce high
mutual inclinations, which can subsequently lead to high in-
ner orbit eccentricities through LK evolution. Therefore, no
high initial mutual inclination is required, and this is the key
ingredient to the enhanced merger rates when VRR is taken
into account.
Adiabatic parameter — In Fig. 12, we show the enhancement
factor due to VRR of the mergers in the Monte Carlo simula-
tions, i.e., the number of mergers in the case of VRR divided
by the number of mergers without VRR, binned in terms of
the adiabatic parameter R ≡ tLK/tVRR (see equation 12). We
only include bins in R with more than two mergers in the
case without VRR. The enhancement factor is peaked near
R = 1, which is in agreement with the scale-free results of
Section 4. Some enhancement is already present at R ∼ 0.1,
which is consistent with Fig. 7 in the sense that in the latter
figure, the cumulative distribution of the maximum eccentric-
ity is already significantly enhanced from the case without
VRR (R = 0) for R ∼ 0.1.
Eccentricity at the LIGO band — In Fig. 13, we show the distri-
butions of the eccentricity of the merging binaries when they
enter the LIGO band, ein,LIGO. Here, we compute ein,LIGO by
assuming that ein,LIGO is small, such that (using equations 28
and 29)
ein,LIGO ≈
 1π fGW,LIGO
√
G(M1 + M2)
c3
0

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Figure 13. Cumulative distributions of the eccentricity of the merg-
ing inner binaries when they enter the LIGO band, computed using
equation (30). Blue (red) lines show systems that do (not) enter the
semisecular regime.
where fGW,LIGO = 20Hz, and c0 is determined using equa-
tion (29) and the simulation data at the moment of the merger
stopping condition (as shown above, at this point the inner
binary is decoupled). Equation (30) applies only if ein,LIGO
is small; we find a posteriori that this is indeed the case —
the true GW frequency at ein,LIGO in our simulations deviates
from fGW,LIGO by no more than a few per cent.
The typical eccentricity when entering the LIGO band is
small. The median value in the VRR case is ∼ 10−5, with
maximum values of ∼ 10−2 for the systems that also entered
the semisecular regime (blue lines in Fig. 13). The latter case
is associated with very high eccentricities, explaining the typ-
ically larger values of ein,LIGO. The values of ein,LIGO are typ-
ically larger if VRR is included. This can be explained by
noting that the typical excited eccentricities in the VRR case
are larger compared to the ‘pure’ LK case.
Masses — In Fig. 14, we show the distributions of the Chirp
mass, M = (M1M2)3/5/(M1 + M2)1/5, for the merging sys-
tems in the simulations. The initial distributions for all sys-
tems are shown with the thin black solid lines. The merger
systems have slightly higher Chirp masses compared to all
systems, although the differences are small — it is unlikely
that these differences have observational implications.
We show a similar figure for the mass ratios q ≡ M2/M1 in
Fig. 15. The mergers show no discernible dependence on q.
Spins — Finally, we show in Fig. 16 the distributions of the
projected spin parameter, i.e.,
χeff =
M1χ1 cos(θ1) + M2χ2 cos(θ2)
M1 + M2
, (31)
where χi is the normalized spin parameter of star i, and θi
is the angle between the spin vector of star i and the inner
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1/5, for the mergers in the Monte Carlo sim-
ulations (solid red lines). The thin black dotted lines show the initial
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Figure 15. Cumulative distributions of the binary mass ratio, q ≡
M2/M1, for the mergers in the Monte Carlo simulations (solid red
lines). The thin black dotted lines show the initial distributions. Top
(bottom): with (without) VRR.
0.0
0.2
0.4
0.6
P
D
F
VRR
log10(M•/M⊙) = 4.0; γ = 2.0
NoMerger
Merger
−1.00 −0.75 −0.50 −0.25 0.00 0.25 0.50 0.75 1.00
χeff
0
1
2
3
P
D
F
NoVRR
NoMerger
Merger
Figure 16. Distributions of the final χeff (see equation 31) for the four
outcomes in the Monte Carlo simulations.
orbit angular-momentum vector. For simplicity, we assume
that the two compact objects are maximally spinning, i.e.,
χ1 = χ2 = 1. The distributions of χeff are shown at the end of
the simulations for merging and non-merging systems (both
including the semisecular systems). Note that for the merger
systems, this corresponds to a point in the evolution in which
the inner binary is decoupled from the MBH and the stellar
cluster. Near the LIGO band, the higher-order spin-spin and
spin-orbit terms will become important and change the indi-
vidual spin orbit angles. However, χeff does not change during
this process at the 2.5PN level. The initial spin-orbit angles
were assumed to be zero. We note that the spin dynamics
of compact objects in triple systems (without taking into ac-
count the effects of VRR) have been considered by a number
of authors (Liu & Lai 2017; Antonini et al. 2017a; Liu & Lai
2018).
Without VRR, the distribution of χeff for the merging sys-
tems is peaked near −1 and +1. With VRR included, the dis-
tributions of χeff are broadly distributed between −1 and +1,
with a peak around 0, indicative of random spin-orbit align-
ment. This can be ascribed to the coupling of LK oscilla-
tions with VRR: VRR continuously adjusts the outer orbital
angular momentum vector independent of the initial mutual
inclination irel, and these changes are transmitted to the inner
orbit through the LK mechanism, producing spin-orbit mis-
alignment for both merging and non-merging systems. Given
that the initial spin-orbit alignment was assumed to be zero,
the top panel of Fig. 16 shows that LK-VRR is very effective
at producing random spin-orbit orientations.
5.2.4. Stopping times
In Fig. 17, we show the distributions of the stopping times
arranged by the outcomes. For the non-merging systems, the
stopping times are either set by the evaporation time-scale or
10 Gyr; for the mergers, the stopping time is the time when
GW emission started to dominate over the LK dynamics; the
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Figure 17. Cumulative distributions of the stopping times in the
Monte Carlo simulations arranged by the outcomes (merger: red
dashed lines; no merger: solid black lines).
true merging time is very close to this (see Section 5.1.2). The
merger times in the simulations span a wide range between
∼ 0.1Myr, and 10Gyr. With VRR included, the median stop-
ping time is ∼ 100Myr. The late mergers are associated with
a slower type of evolution in which the semimajor axis de-
creases only slightly at high eccentricities, until finally the
2.5PN terms start to dominate and the inner binary becomes
decoupled.
Some, but not all mergers are limited by binary evapora-
tion. This is illustrated in Fig. 18, in which the distributions
are shown of the evaporation time-scale arranged by the out-
comes. About 60% of the mergers with VRR included have
evaporation time-scales longer than 10 Gyr.
5.2.5. Delay-time distributions
From the simulations, we determine the delay-time distri-
butions (DTDs), i.e., the number of events per unit time. We
consider the mergers in the ‘large’ set of simulations with
M• = 104M⊙ and γ = 2, and include the mergers in which
the semisecular regime was entered. The resulting DTDs are
shown in the top panel of Fig. 19. Dashed (solid) lines ap-
ply to the simulations with (without) VRR. For both cases
with and without VRR, the DTDs are approximately inversely
proportional with time. However, the absolute normalization
of the DTDs is significantly higher with VRR included; the
bottom panel in Fig. 19 shows the enhancement factor of the
DTDs of the cases with VRR relative to no VRR. The en-
hancement factor is a function of time; it peaks at ∼ 60 around
4 Myr, and drops toward ≈ 5 at 104Myr.
6. DISCUSSION
6.1. Uncertainties in the integrations
As mentioned in Section 2, galactic nuclei are complex dy-
namical environments. Our Monte Carlo simulations (Sec-
tion 5), although the first to include the effects of VRR in the
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Figure 18. Cumulative distributions of the evaporation times (see
equation 10) in the Monte Carlo simulations arranged by the out-
comes (merger: red dashed lines; no merger: solid black lines).
context of the secular (orbit-averaged) LK problem, did not
include all effects. Here, we comment on some of the pro-
cesses that we did not consider, and should be included in
future work.
As mentioned in Section 1, the torques exerted by the stellar
cluster not only affect the orientation of an orbit around an
MBH, but also the magnitude of its angular momentum. This
process, known as SRR, was not included in the simulations.
We argued in Section 2 that the SRR time-scale is typically
longer than the VRR time-scale. However, the merging of the
inner binary can occur after many LK cycles, corresponding
typically to times≫ tVRR (since typically R ∼ 1 to reach high
eccentricities, which are necessary for merging systems), and
SRR can affect the outer orbit eccentricity on these longer
time-scales. This could be important, since eout changes both
the efficiency of VRR and the LK process. More dramatically,
an increased eout could bring the binary sufficiently close to
the MBH for the former to be tidally disrupted (Hills 1988).
Other effects that were neglected in the simulations are
changes of the outer orbital parameters due to NRR and due
to dynamical friction (DF). NRR in particular could be impor-
tant if the mass function of the stellar background is top heavy,
significantly reducing the NRR time-scale (see equation 9);
this is an effect that we have ignored. DF could be impor-
tant if the binary is much more massive than the typical back-
ground star, which is the case in our simulations (on average,
Mbin ≡ M1 + M2 = 60M⊙, such that Mbin/m⋆ = 60). The DF
time-scale can be estimated as tDF ∼ tNR (m⋆/Mbin) ∼ tNR/60
(Spitzer 1987; Alexander & Hopman 2009), implying that DF
could be important in our simulations.
NRR and DF can affect the binary in several ways. First,
a change in the outer binary semimajor axis and eccentricity
can bring the binary into a different dynamical regime, sinceR
(see equation 12) is a function of both aout and eout. Also, the
binary can migrate to regions with shorter evaporation time-
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Figure 19. Top panel: DTDs of the mergers in the ‘large’ Monte
Carlo simulation set with M• = 104 M⊙ and γ = 2. Dashed (solid)
lines apply to the simulations with (without) VRR. Error bars are
based on Poisson statistics. The black dotted line shows a ∝ t−1-
dependence. Bottom panel: the enhancement factor, i.e., the ratio of
the DTDs for the cases with and without VRR, as a function of time.
The horizontal black dashed line shows an enhancement factor of 1.
scales, such that the binary may not survive until a merger is
triggered. Alternatively, the binary can be brought too close
to the MBH and be tidally disrupted.
6.2. Estimates of absolute merger rates
Although the focus of this paper is on the relative enhance-
ment of VRR on the rates of LK-induced mergers of binaries
in galactic nuclei, we here estimate the absolute BH-BH bi-
nary merger rates based on our Monte Carlo simulations. A
large number of assumptions must be made in order to make
these estimates, and we emphasize that the numbers given
here are extremely uncertain. The uncertainties in the absolute
rates can be considered to be at least one order of magnitude,
and up to several orders of magnitude.
6.2.1. GC
First, we consider our fiducial GCmodel (M• = 4×106M⊙;
γ = 1.3). We follow similar assumptions as Petrovich & An-
tonini (2017). Let ngal be the number density of Milky-Way-
like galaxies, ΓCO be the formation rate of compact objects
(number per unit time), fCO the fraction of stars that evolve
to compact object binaries (this includes the binary fraction),
fmerge the merger fractions in the Monte Carlo simulations
(Section 5), and fcalc the fraction of calculated systems rel-
ative to the underlying binary population. The merger rate
(number per unit time per unit volume) is then estimated by
Γ ∼ ngalΓCO fCO fmerge fcalc. (32)
We adopt a number density of galaxies of ngal ≈ 0.02Mpc−3
(Conselice et al. 2005; Kopparapu et al. 2008).
We use simple arguments to estimate the compact object
formation rate (for more detailed studies, see, e.g., Aharon
& Perets 2015; Aharon et al. 2016). Assuming constant star
formation, Lo¨ckmann et al. (2010) find that ∼ 104 ( ∼ 105)
BHs are formed for 106M⊙ of mass in stars and stellar rem-
nants, assuming a canonical (top-heavy) initial-mass function
(IMF). Scaling these numbers to the GC, for which the total
mass of stars formed in ∼ 10Gyr is ∼ 107M⊙ (Scho¨del et al.
2014; Feldmeier-Krause et al. 2017; Scho¨del et al. 2018), this
implies that the rate of compact object formation in the GC
is ΓCO ∼ 10−5 yr−1 (ΓCO ∼ 10−4 yr−1) assuming a canonical
(top-heavy) IMF.
Based on the BSE binary population synthesis code (Hurley
et al. 2002), Petrovich &Antonini (2017) find that the fraction
of stars forming compact object binaries is 0.025 (0.045) for
a canonical (top-heavy) IMF. Here, the canonical (top-heavy)
IMF is defined as dN/dm ∝ m−2.3 (dN/dm ∝ m−1.7). In these
fractions, which are related to fCO, Petrovich & Antonini
(2017) implicitly assumed a MS binary fraction of unity. The
underlying distributions of the binary properties in our sim-
ulations are different from those of Petrovich & Antonini
(2017), implying that the appropriate values of fCO are not
necessarily the same as in Petrovich & Antonini (2017). Nev-
ertheless, we let fCO be motivated by the results of Petrovich
& Antonini (2017), and so we set fCO = 0.25 ( fCO = 0.05) for
the canonical (top-heavy) IMF.
From Table 2, we adopt a merger fraction of fmerge = 0.008
and fmerge = 0.005 for the cases with and without VRR, re-
spectively (we combine the merger fractions in the semisecu-
lar and non-semisecular regimes). We note that these merger
fractions are based on simulations in which we assumed a
Salpeter mass function for the stellar cluster (i.e., m⋆ ≡
〈m2〉1/2 = 1M⊙, see Section 2). With a top-heavy mass func-
tion, the merger fractions could be different since m⋆ affects
the VRR and evaporation time-scales. Here, we neglect this
complication, and assume that fmerge is the same for the stan-
dard and top-heavy mass functions.
We estimate the calculated fraction, fcalc, by computing the
fraction of orbits in our Monte Carlo simulations relative to
the entire population, assuming that the semimajor axis distri-
bution of the latter ranges between ∼ 10−2 and ∼ 106 au. For
the GC model, the simulated binaries have semimajor axes
ranging between ∼ 1 and ∼ 103 au. Given that the distribu-
tion in ain is assumed to be flat in ln(ain), this implies that
fcalc ∼ ln(103)/ ln(106) = 1/2.
With the above assumptions, we find merger rates of
ΓVRR = 0.02Gpc
−1 yr−1 (ΓVRR = 0.4Gpc−1 yr−1) assum-
ing a canonical (top-heavy) IMF if VRR is included. With-
out VRR, we find ΓNoVRR ≃ 0.013Gpc−1 yr−1 (ΓNoVRR =
0.25Gpc−1 yr−1) assuming a canonical (top-heavy) IMF.
For reference, predictions of the BH merger rate for glob-
ular clusters include 2-20 Gpc−3 yr−1 (Rodriguez et al. 2016),
> 6.5Gpc−3 yr−1 (Park et al. 2017), > 5.4Gpc−3 yr−1 (Askar
et al. 2017), and 15-100 Gpc−3 yr−1 (Fragione & Kocsis
2018). For nuclear star clusters without MBHs, the rates
have been predicted to be ∼ 1Gpc−3 yr−1 (Antonini & Rasio
2016). The BH-BH merger rate inferred by LIGO is 12–213
Gpc−1 yr−1 (Abbott et al. 2017a).
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Our numbers can be considered to be low compared to the
above numbers. This indicates that VRR cannot sufficiently
increase the merger rates of BH-BH binaries enough to make
a significant contribution to the LIGO rate. However, the en-
hancement of fmerge due to VRR is small for GC-like galac-
tic nuclei (i.e., a factor of 0.008/0.005 = 1.6). We have
shown that the enhancement of fmerge is much more signifi-
cant for galactic nuclei with lower MBH masses (up to ∼ 10
for M• = 104M⊙ and γ = 2).
6.2.2. Other galactic nuclei
Here, we make crude estimates for the merger rates in other
galactic nuclei based on our ‘small’ set of simulations (NMC =
103). The largest merger fractions in the simulations occur for
low MBH masses of 104M⊙; the existence of galactic nuclei
with MBHs with such low masses is highly uncertain. Here,
we assume that galactic nuclei with MBHs of such low mass
exist, and estimate their number density as follows.
The luminosity function (number density per unit lumi-
nosity) for galaxies with MBH masses . 108M⊙ is approx-
imately φ(L) ∝ L−1 (Aller & Richstone 2002). Since the
Faber-Jackson relation, approximately L ∝ σ4⋆ (Faber & Jack-
son 1976), and the M• −σ⋆ relation, approximately M• ∝ σ4⋆
(Merritt & Ferrarese 2001), have approximately the same
scaling with σ⋆, we assume that L ∝ M•. This implies
that the number density of MBHs per unit mass scales as
φ(M•) ∝ M−1• (Aller & Richstone 2002; we also assume an
MBH occupation fraction of unity). This implies that the M•-
integrated number density is
ngal ∝
∫
φ(M•) dM• ∝ log(M•), (33)
i.e., the dependence of ngal on M• is weak (logarithmic).
Therefore, for simplicity, we assume that ngal is completely
independent of M•, and set ngal = 0.02Mpc−3 (Conselice
et al. 2005; Kopparapu et al. 2008), as for the GC case in
Section 6.2.1.
The compact object formation rate, ΓCO, is also highly un-
certain. Wemake two limiting assumptions. (1) ΓCO is weakly
dependent of M•, which would be appropriate if the compact
objects are supplied to the galactic nucleus by NRR. In par-
ticular, assuming the M•-σ relation in the form M• ∝ σβ, one
can show that (e.g., Alexander & Bar-Or 2017)
ΓCO =
γCON⋆(rh)
tNRR(rh)
∝ M 3−ββ . (34)
The latter is weakly dependent on M• for 4 < β < 5, which
is typically assumed for the M•-σ relation. For simplicity, we
ignore the dependence of ΓCO on M•. (2) ΓCO scales linearly
with M•, which is more appropriate if the supply rate is set by
star formation. In case (1), we calibrate ΓCO to the GC, and
we estimate
ΓCO =
γCON⋆(rh)
tNRR(rh)
∼ 0.1 × 10
7
1010 yr
= 10−4 yr−1, (35)
where γCO = 0.1 is the fractional number of compact ob-
jects formed for a stellar population assuming a top-heavy
IMF Lo¨ckmann et al. (2010), N⋆(rh) ∼ 107 is the number
of stars at the radius of the sphere of influence (Scho¨del et al.
2014; Feldmeier-Krause et al. 2017; Scho¨del et al. 2018), and
tNRR(rh) ∼ 1010 yr is the NRR time-scale at the radius of the
sphere of influence (e.g., Merritt 2010). In case (2), we nor-
malize ΓCO ∝ M• by the GC top-heavy value that we adopted
in Section 6.2.1, i.e.,
ΓCO =
(
M•
4 × 106M⊙
)
10−4 yr−1. (36)
Note that, for the GC (M• = 4×106M⊙), the two assumptions
give the same value of ΓCO.
We assume that the compact object binary formation effi-
ciency fCO is independent of M•, and set it to fCO = 0.05
for a top-heavy IMF, to be consistent with the GC case (Sec-
tion 6.2.1).
Strictly speaking, the calculated fraction fcalc depends on
M• since the latter sets the scale of the sphere of influence,
thereby the typical outer orbit semimajor axes, and thereby the
upper value of ain in the simulations (due to the requirement of
dynamical stability). However, this is not a strong effect, with
the upper value of ain decreasing to∼ 102 au for M• = 104M⊙
(see, e.g., Fig. 9), implying that fcalc = 1/3. For simplicity, we
here set fcalc to 1/2, independent of M•.
With these (strong and uncertain) assumptions, and the data
from Table 2 for the merger fractions fmerge (adding the frac-
tions for the semisecular and non-semisecular mergers), we
plot in Fig. 20 the expected merger rates as a function of M•,
for the cases with and without VRR. For M• ≤ 4×106M⊙, as-
sumption (1) regarding ΓCO gives the highest rates, and in this
case we take the data from the simulations for γ = 2 (giving an
upper limit on the merger rates); assumption (2) gives much
lower rates, and in this case we take data from the simulations
for γ = 1.3 (giving a lower limit). The areas in between these
limits are indicated with shaded regions in Fig. 20.
We emphasize that the rates given in Fig. 20 are highly
speculative (note that the error bars reflect the Poisson un-
certainty in fmerge, but not the much larger uncertainties in the
other factors in equation 32, in particular ΓCO). Nevertheless,
taken on face value, Fig. 20 indicates that the merger rates
are low. For galactic nuclei with low MBH masses (less than
a few times 104M⊙), the rates are higher, in part due the in-
creased enhancement by VRR. However, the existence of such
galactic nuclei is not established, and the most optimistic rates
still barely reach the lower limit of the rate inferred by LIGO,
12Gpc−3 yr−1, and are an order of magnitude lower than the
upper LIGO limit, 213Gpc−3 yr−1 (Abbott et al. 2017a).
6.3. Comparison to previous work
Here, we compare the results from our Monte Carlo sim-
ulations to previous work focussing on the dynamics of bi-
naries in galactic nuclei. The case without VRR has been
considered by a number of authors (e.g., Antonini & Perets
2012; Antonini et al. 2014; Prodan et al. 2015; Stephan et al.
2016; Antonini & Rasio 2016; Petrovich & Antonini 2017;
Hoang et al. 2018). For our GC-like model, we find a merger
fraction of fmerge = 0.005 (combining the semisecular and
non-semisecular outcomes). This is similar (within a factor of
few) to the fraction of Petrovich & Antonini (2017), who find
fm = 0.0017 (their table 1, with ǫz = 0.001).
On the other hand, Hoang et al. (2018) find much higher
merger fractions, of up to fmerge = 0.15 for their nominal GC
model, which are higher than the merger fractions of Petro-
vich & Antonini (2017) and our merger fraction by two orders
of magnitude. This large difference can be ascribed to differ-
ent initial conditions. About half of the binaries in Hoang
et al. (2018) merge due the gravitational wave emission only
(i.e., even in absence of the torque of the MBH). Moreover,
Hoang et al. (2018) considered binaries much closer to the
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Figure 20. Rough estimates of the merger rates based on equa-
tion (32) and the Monte Carlo calculations of Section 5 as a func-
tion of M• for the cases with and without VRR (dashed red lines
and solid blue lines, respectively). Here, we either assume that the
compact object formation efficiency ΓCO is independent of M• and
equal to 10−4 yr−1 (bullets), or scales linearly with M•, and normal-
ized such that ΓCO = [M•/(4 × 106 M⊙)] 10−4 yr−1 (crosses). The ar-
eas in between these cases are shaded with red and blue colors for the
simulations with VRR included and not included, respectively. The
number density of galaxies is set to a constant ngal = 0.02Mpc
−3,
and the compact object formation efficiency fCO is assumed to be in-
dependent of M•, and set it to fCO = 0.045. The horizontal black
dotted line shows the lower LIGO limit of 12 Gpc−3 yr−1 (Abbott
et al. 2017a). The error bars are based on Poisson statistics from the
Monte Carlo simulations, i.e., they reflect the uncertainty in fmerge,
but not the (much larger) errors in the other factors in equation (32),
in particular ΓCO.
MBH (aout/rh ∼ 10−4 to ∼ 10−2) for which the octupole-order
terms are important, in contrast to our simulations.
The merger rate predicted by Hoang et al. (2018) is ∼ 1-
3Gpc−1 yr−1, which is one (two) orders of magnitude larger
than our GC rate estimate without VRR assuming a top heavy
(canonical) IMF. This can be ascribed to the following.
1. The merger fraction adopted by Hoang et al. (2018) is
fmerge = 0.15, which is 0.15/0.005 = 30 times larger
than our adopted fraction.
2. The ‘conversion’ factor from merger fraction to rate
adopted by Hoang et al. (2018) is Γ/ fmerge =
2/0.15Gpc−1 yr−1 ≃ 13Gpc−1 yr−1. We assumed a
‘conversion’ factor of Γ/ fmerge = 2.5Gpc
−1 yr−1 and
Γ/ fmerge = 50Gpc
−1 yr−1 for the canonical and top-
heavy IMF, respectively.
These two points combined explain the different merger rates.
In calculating their rates, Hoang et al. (2018) assumed that
there exists a steady-state population of BH-BH binaries in the
central 0.1 pc, with a number of Nsteady = 200 corresponding
to a merger rate of 2Gpc−1 yr−1. This requires replenishment
of the BH-BH binaries on a time-scale of 100 Myr, which
would be consistent with in-situ star-formation in a disk of
massive O/B stars close to the MBH (e.g., Bartko et al. 2009).
In our rate calculation, we assumed a global influx of compact
objects, which is more appropriate in our situation given that
we considered a binary population at larger distances from the
MBH.
VanLandingham et al. (2016) were the first to consider the
combined effects of VRR and LK evolution by means of hy-
brid N-body methods. Due to computational limitations, the
MBH masses were limited to up to 104M⊙. VanLanding-
ham et al. (2016) found high merger fractions in their sim-
ulations. This is consistent with our results, in the sense that
we find that the enhancement due to VRR is most significant
for low MBH masses. More quantitatively, VanLandingham
et al. (2016) found a merger fraction of ≈ 0.25 in their sim-
ulation with M• = 104M⊙ (10k stars). This is very similar
to our merger fraction of ≃ 0.29 for the case M• = 104M⊙
and γ = 2 (adding the semisecular and non-semisecular frac-
tions). This apparent agreement may be fortuitous, however,
given that we did not consider a number of potentially impor-
tant effects (see Section 6.1). In particular, DF is an important
process in the simulations of VanLandingham et al. (2016);
prior to their merger, most merging binaries sink inwards to
the MBH. DF could therefore be important for bringing a bi-
nary from a regime with R ≫ 1, where LK-VRR coupling
is unimportant, to a region in which R ∼ 1, where LK-VRR
evolution can drive the binary to merge.
We remark that VanLandingham et al. (2016) extrapolated
their results to higher MBH masses similar to the MBH in the
GC, and found highmerger rates of ∼ 100Gpc−3 yr−1. Our re-
sults show that the merger fraction decreases rapidly with in-
creasing MBH mass. Therefore, one should be cautious when
extrapolating rates from lower to higher MBHmasses. In par-
ticular, the rate of 100Gpc−3 yr−1 found by VanLandingham
et al. (2016) may have been overestimated.
7. CONCLUSIONS
We considered the effect of torques induced by stars around
an MBH (specifically, VRR), on the LK dynamics of binaries
near MBHs. We showed that VRR can increase the rates of
strong interactions in binaries orbiting the MBH by inducing
high mutual inclinations between the inner orbit of the binary
and the outer orbit of the binary around the MBH. Conse-
quently, the binary can be driven to high eccentricities through
the LK mechanism, even if the initial mutual inclination be-
tween the inner and outer orbits is small. These strong in-
teractions include orbital energy loss due to GW emission,
implying that VRR can enhance the rates of compact mergers
in galactic nuclei, with implications for the detection of GWs.
Our main conclusions are listed below.
1. VRR can enhance the efficiency of the LK mechanism if
the VRR and LK time-scales are comparable. We explored
the associated parameter space in Section 2, and found that
the ‘regions of interest’, i.e., the parameter space in which
the VRR and LK time-scales are similar, is largest for small
MBHmasses (∼ 104M⊙), steep stellar density profiles (γ ≈ 2;
ρ⋆ ∝ r−γ), and wide inner binary orbits (ain & 10 au). This
can be understood qualitatively by noting that the VRR time-
scale increases relatively to the LK time-scale with increas-
ing MBH mass. Furthermore, for tight inner binary orbits
(ain . 1 au), PN precession in the inner binary orbit quenches
LK oscillations, regardless of VRR. Also, the regions of inter-
est are typically far away from the MBH (close to the radius
of the sphere of influence), where octupole-order terms are
unimportant.
2. Using a simplified model for VRR, we numerically in-
tegrated the secular equations of motion for the three-body
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binary-MBH dynamics coupled with the effects of VRR on
the barycenter of the outer binary (Section 4). We determined
the eccentricity distributions as a function of the ‘adiabatic
parameter’ R ≡ tLK/tVRR. If R ≪ 1, then the binary-MBH
system is effectively decoupled from the torques induced by
the stellar background, and the canonical LK dynamics apply
(in particular, only high eccentricities can be induced if the
initial mutual inclination is close to 90◦). If R ∼ 1, then the
dynamics are typically chaotic, and very high eccentricities
can be attained on time-scales of ∼ 10 − 100 tLK. If R ≫ 1,
then LK oscillations are suppressed, although there is diffu-
sive evolution of the eccentricity on long time-scales, on the
order of R tLK.
3. We carried out Monte Carlo calculations of BH-BH bi-
naries in galactic nuclei in Section 5, taking into account the
coupled LK and VRR evolution, PN corrections, and binary
evaporation. Consistent with the time-scale arguments of Sec-
tion 2, we found that VRR is effective at enhancing the rates
of BH mergers for low MBH masses and steep density pro-
files. For M• = 104M⊙ and a density slope of γ = 2, the
merger enhancement in terms of the delay-time distribution
(Fig. 19) is typically a factor of ∼ 10, up to ∼ 60 compared to
the case of canonical LK dynamics. In both cases, the merger
rates decrease with time approximately as t−1. The merger
fractions in our simulations with VRR included range from
less than a per cent for high MBH masses (M• & 106M⊙), to
up to ≃ 30% (for M• = 104M⊙ and γ = 2). These fractions
are a factor of a few to ∼ 10 times larger compared to the
situation in which VRR is not taken into account.
4. Although the merger of the inner BH-BH binary is trig-
gered by high eccentricity, when reaching the LIGO band the
inner orbit eccentricity is highly damped due to GW emis-
sion. Some signature remains in the distribution of ein,LIGO,
although it is small compared to other dynamical formation
channels: the median ein,LIGO in the simulations with VRR
included is ∼ 10−5, compared to ∼ 10−6 in the canonical LK
case (see Fig. 13). The highest ein,LIGO are attained in systems
that also entered the semisecular regime, in which the double
orbit averaging approximation formally breaks down.
5. Large uncertainties are involved in the process of con-
verting merger fractions found in the Monte Carlo simula-
tions to absolute BH-BH merger rates. Nevertheless, we es-
timated the merger rates for the GC and for galactic nuclei
with different MBH masses, by making two limiting assump-
tions on the formation rate of compact objects. With our as-
sumptions, we find that the GC merger rates are about two
orders of magnitude lower than the lower limit inferred by
LIGO, 12Gpc−3 yr−1 (Abbott et al. 2017a), if only LK dy-
namics are included. With the inclusion of VRR, the rate en-
hancement is only small, i.e., a factor of ∼ 1.6, suggesting
that LK-VRR coupling cannot explain merger rates for galac-
tic nuclei with masses comparable to the MBH in the GC.
The absolute rates and the enhancement by VRR generally
increase with decreasing MBH mass. Nonetheless, even in
our most optimistic scenario, the baseline BH-BH merger rate
for other MBH masses is small, and the enhancement by LK-
VRR coupling is not large enough to increase the rate to well
above the LIGO/VIRGO lower limit. For M• = 104M⊙, the
rate barely reaches 12Gpc−3 yr−1, and is an order of magni-
tude lower than the upper LIGO limit, 213Gpc−3 yr−1 (Abbott
et al. 2017a).
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